In this paper, we consider the planar circular restricted three-body problem and, in particular, the existence of orbits which undergo consecutive close encounters with the small primary. The number of revolutions of the small bodies around the larger one between successive encounters can be chosen to be two arbitrary sequences of natural numbers, with constraints depending on the Jacobi constant. We prove that such orbits exist as a consequence of the fact that, when the mass parameter µ is small, the first return map defined on a region of phase space whose projection is a circle around the small primary is a 'horseshoe' map. The proof is constructive, in the sense that it is based on the computation of an approximate expression for this return map. When µ is small, the approximate return map contains the essential information about the dynamics from the quantitative as well as qualitative point of view. Using this information, we have been able to carry out a numerical study of this problem for µ up to 10 −3 .
Introduction
Consider the planar circular restricted three-body problem, choosing, as usual, appropriate mass, length and time units so that the masses of the two primaries are m 1 = 1 − µ, m 2 = µ, µ ∈ (0, 1 2 their positions in the plane are given in synodic coordinates (x, y) by (µ, 0) and (µ − 1, 0), respectively. In these coordinates, the equations of motion are (see, for instance, [8] )
(x − µ) − µ r 3 2 (x + 1 − µ), y + 2ẋ = ∂ ∂y = y − 1 − µ r 3 1 y − µ r 3 2 y, Equations (1) have a first integral, the Jacobi function
and they are singular at the points (x, y) = (µ, 0) and (x, y) = (µ − 1, 0), which correspond to collision of the massless body Z with the big primary E and with the small primary M, respectively. We recall that C J = 2(M sid − E sid ), twice the difference between the angular momentum and the energy of Z with respect to the centre or mass.
The solutions of the planar circular RTBP depend, of course, on µ. So we should refer to a solution as γ µ (t), but for brevity we shall denote it simply as γ (t).
The goal of this paper is to obtain an approximate expression for the return map defined on a suitable subset of a neighbourhood of body M and to show the existence of solutions of equations (1) which go several times through this subset. More precisely, we have the following. (1) is p − q resonant, p, q ∈ N and coprime, (p, q) = 1, if both γ (t 1 ) and γ (t 2 ) are on a circle C of radius µ α centred at M, with α ∈ ( 1 3 , 1 2 ) a real parameter whose value will be specified later, if γ (t) is outside the disk D of radius µ α centred at M for all t ∈ (t 1 , t 2 ), and if moreover the time interval t 2 − t 1 between these successive approaches to M is such that 1 2π
Definition 1. We shall say that a solution γ (t), t ∈ [t 1 , t 2 ], of equations
holds, where 2πτ is the period of the orbit of Z as a two-body problem with respect to E with the same initial conditions of γ at t 1 .
Definition 2. A solution of equations (1) will be called a consecutive quasi-collision orbit if it can be obtained by concatenation of resonant orbits and, for each consecutive couple of such orbits having, say, related time intervals [t 1 , t 2 ] and [t 3 , t 4 ], the solution remains inside D for t ∈ (t 2 , t 3 ).
Before summarizing the results of the paper, it is convenient to present a discussion on one of the conditions imposed by definition 1. This definition requires that, beyond finding epochs t 1 , t 2 corresponding to the resonant encounters for given p and q, there are no intermediate close encounters between t 1 and t 2 . At this point we show that these encounters can be avoided by choosing C J outside a finite union of small intervals, provided µ is small enough. The number of these intervals depends on p and q.
We shall argue in the limit µ = 0 and use analyticity with respect to µ. It is convenient to consider the motions of M and Z in sidereal coordinates. They describe a circle and an ellipse, respectively. Assume that p, q and C J are given. From the mean motion p/q of Z, the semimajor axis, a, of the ellipse and the sidereal energy E sid are obtained. From the reminder above this gives M sid and, therefore, the eccentricity, e, is obtained.
Let A and B be the two points of intersection of the orbits of M and Z. Assume that the passage through D takes place around A and, hence, the eventual intermediate close encounters take place at B. Let E be the eccentric anomaly of the orbit of Z at A.
Suppose that after passing through A for t = t 1 , the bodies M and Z meet at B for some t = t and that between t 1 and t the numbers of full revolutions done by M and Z are j M and j Z (0 j M < q, 0 j Z < p), respectively. Using the Keplerian motion formulas, the condition to have a collision at B is found to be 2π(j M + δ M ) ± 2 arctan
with the constraint
where δ M (= −1, 0, 1 or 2), δ Z (=1 or 2) and the sign on the left-hand side of (3) depend on the four different possibilities for the character (direct or retrograde) of the orbits of M and Z and where the arctan belongs to the same range, (0, π) or (π, 2π), as E. Note that the cases E = 0, E = π will be excluded.
It is enough to see that for p, q, j M , j Z fixed, relation (3) cannot hold identically in e, using E(e) from (4). This is shown by an elementary computation. Therefore, for p, q fixed, by changing C J we can avoid the collision at B as desired.
Notice that this argument is essentially contained in figure 4 of the pioneering work of Hénon [2] . The dramatic effect of approaching intermediate collisions will be discussed in section 6 .
We shall prove (see theorem 5.1) that, for any integer N , the mass parameter can be chosen small enough so that any admissible (in a sense to be defined below) sequence (p n , q n ), n ∈ Z, p n , q n < N, (p n , q n ) = 1, is realized by a solution of equations (1), i.e. there exists a solution γ (t) and a sequence of epochs t n , n ∈ Z, such that γ ([t n , t n+1 ]) is a p n − q n resonant orbit followed by a crossing of the disk D.
The proof is made along the following steps:
(a) In section 2 we derive an approximate expression for the resonant strips, i.e. for the set of initial conditions on the circle C of radius µ α around M which correspond to p − q resonant orbits. (b) In section 3 we obtain an approximate expression for the OUT-map, i.e. the map sending a point on a p − q resonant strip to the position and velocity of the orbit of that point at the time of its first intersection with the circle C. (c) In section 4 we obtain an approximate expression for the IN-map, i.e. the map sending the initial conditions of an orbit entering the disk D to the position and velocity of that orbit when it crosses again the circle C leaving the disk D. (d) Finally, in section 5 we select the optimal α to minimize the errors made in the previous approximations and show that the composition of the OUT-and IN-maps defined on the resonant strips is a 'horseshoe' map.
In particular, our result implies the existence of infinitely many consecutive quasi-collision periodic orbits, corresponding to periodic sequences (p n , q n ) n∈Z . These are what Poincaré called periodic orbits of the second species (POSS) [7] . The existence of symmetric (with respect to the line joining the two primaries in synodic coordinates) POSS was proved by Perko [6] , and by Henrard [3] and Marco and Niederman [4] by a different method. Most of the POSS that we find, however, are asymmetric. The existence of POSS in a more general setting, which includes the RTBP, was proved by Bolotin and MacKay [1] through variational methods.
We remark that although we have considered the equations of motion for the circular RTBP, essentially the same steps can be carried out in the restricted elliptic case.
In section 6 we present numerical computations of resonant strips and of their images by the flow for values of µ as high as 10 −3 , and make some concluding remarks on the interest of this result from the viewpoint of the design of spacecraft orbits.
The resonant strips
For the purpose of finding the resonant strips, as well as for computing the OUT-map later, we shall approximate the solutions γ (t) of equations (1) in the interval [t 1 , t 2 ] by orbits of the two-body problem with respect to E with the same initial conditions of γ at t 1 .
We shall start by bounding the error done in this approximation. Consider an orbit with initial conditions on the circle C of radius µ α with 1 3
so that the gravitational effect of the body M may be considered as a perturbation, and assume that the synodic velocity v s at t = t 1 ,
is of order 1, i.e. 3−C J > 0 is bounded away from zero. In what follows, when we require some quantity to be bounded away from zero it should be understood that the bound is independent of µ.
Remark 2.1. To shorten notation we shall also use, together with C J , the related quantity
Assume, moreover, that the orbit of Z as a two-body problem with respect to E with the same initial conditions at t = t 1 is elliptic. Let r 2 (t) be the position of Z with respect to M, so that |r 2 (t)| = r 2 (t). Then, r 2 (t 1 ) = µ α andṙ 2 (t 1 ) = v s cos a, where a is the angle formed by the synodic velocity vector v s (t 1 ) and r 2 (t 1 ). Let us assume that cos a is positive and bounded away from zero, so thatṙ 2 (t 1 ) > k > 0; this means that we are considering an orbit leaving the disk D at time t 1 .
We want to obtain a lower bound for r 2 (t) as a function of t when µ
where a · b means the scalar product of a and b. 
for some b bounded away from zero. Consider equations (1) written as a first-order system in the sidereal positions and velocities q ∈ R 4 ,q
where f TB denotes the terms coming from the two-body problem with respect to E. Let us show that the solution q(t) corresponding to γ (t) may be written in the form
where q TB (t) is the solution of the two-body problem with respect to E with the same initial conditions at t 1 and t ∈ (t 1 , t 2 ). Since f is of order µ 1−α whenever r 2 (t) µ α/2 , (8) will hold for t ∈ (t 1 , t 2 ) provided that it holds when µ α r 2 (t) µ α/2 . Substituting (8) in (7), we obtaiṅ
and hence
On the other hand, since q TB (t) is elliptic and |t − s| is bounded (in fact, it is small), we have
Introducing these bounds in (9), we obtain
Therefore, | q(t)| is bounded for t close to t 1 . By the same argument, we have a similar bound for t close to t 2 . If we assume that there are no close encounters between Z and M in the interval (t 1 , t 2 ), then the error involved in the two-body problem approximation is of order µ 1−α and we have the following lemma. 
, and p, q ∈ N for some parameters ε , δ defined by these relations and assumed to be bounded. Denote now by r(t) the position of the body Z in sidereal coordinates, and by c(t) the position of M also in sidereal coordinates. With this notation, the condition for resonance is
Using the fact that
where the first two equations define the coordinates φ, v and ψ, equation (10) implies, letting aside small terms O(µ 1−2α ),
Hence, the periods τ for which the resonance condition is satisfied are of the form
where the coefficients of the terms of order µ α inε andδ satisfy equation (11). In order to determine the range of k = ε − δ along the ellipse given by (11) when cos ψ = 0, we compute the values of k for which the lines ε − δ = constant are tangent to the ellipse and find two values k 1 , k 2 given by
We shall assume from now on that cos ψ = 0. When cos ψ = 0, equation (11) is that of two straight lines in the , δ plane, and solutions can be found with | |, |δ | and | − δ | arbitrarily large. This happens because, when cos ψ = 0, r(t 2 ) − r(t 1 ) and c(t 2 ) − c(t 1 ) are, up to terms of order µ α , parallel. Hence, the resonance condition (10) would not, in this approximation, fix a range for and δ if cos ψ = 0. Therefore, the condition for resonance may be written as
where k 1 k k 2 . Using the following relations between the period τ and the energy E of the two-body orbit, and between the energy E and the sidereal velocity v,
the resonance condition (12) becomes, up to terms of order µ α ,
Each of the terms of the last inequality may be expanded around µ = 0 up to terms of order µ α . For the first and last terms,
For the middle term we obtain, using the expansion v = v 0 + vµ α + O(µ 2α ) for the sidereal velocity,
Equating the terms of order zero in µ α , we have
i.e. v 0 is determined by the integers p and q, and p and q are subject to the restriction p/q < 2 √ 2. Taking into account the terms of order µ α , inequality (13) implies
where
Therefore, the resonant sidereal velocity must verify
where v(φ, ψ, q, p) obeys the inequality (14). We are interested, however, in an expression for the resonant velocities in terms of coordinates on the circle C of radius µ α associated with the moving reference frame where both primaries are fixed, i.e. in terms of synodic coordinates. Let us then characterize the initial conditions of the particle as it leaves the circle by the triad φ, v s , ψ s , where φ is the angular coordinate on the circle defined above, v s is the modulus and ψ s is the direction of the velocity of the particle in synodic coordinates. Since we have
the two sets of coordinates on C, (φ, v s , ψ s ) and (φ, v, ψ), are related by the equations
the coordinate φ being the same either in the sidereal or the synodic systems. Squaring the first equation in (17) and introducing in (15), we obtain (using (16)) the following approximate expression for the resonant synodic velocity v R s (φ, ψ s , p, q), i.e. the value of the modulus of the synodic velocity on the circle C which, for each admissible value of (φ, ψ s , p, q), gives rise to a p − q resonant orbit:
where the variable ξ ∈ (−1, 1), which will play a relevant role, is defined by (18) and
6πp . We must now take into account the fact that the exact problem possesses the Jacobi constant (2) as a first integral. Using (18), in (6), we get
Equating the terms of order zero in µ α , we obtain
which solves the ambiguity in the sign of the square root. Denoting byψ s the solution of equation (19) for given p, q and C J , the following relations hold:
where σ = ±1 is the sign of cosψ s and is determined, for given φ, by the fact that (φ, ψ s , v s ) are initial conditions of orbits leaving the disk D. Clearly, equations (20) imply the inequalities
which represent, given C J , a restriction on the possible values of p, q.
Comparing (21) with the condition p/q < 2 √ 2 found before, we see that (21) is more restrictive and hence it is enough to take (21) into account. If (21) is verified with strict inequalities, then the condition cos ψ s bounded away from 0 is automatically satisfied. Given C J , we shall say that a pair (p, q) is admissible if (21) is verified strictly (see figure 1 ). Note that this excludes the orbits which are close to orbits of the two-body problem with perpendicular crossings of the x-axis.
, and v determined in terms of ξ ∈ (−1, 1) by the resonant condition (18), the additional constraint imposed by the Jacobi constant is verified up to terms of µ α if
We shall call the p−q resonant strip the two-dimensional subset of the space of the synodic coordinates and velocities which corresponds, for given C J , to initial conditions leaving the disk D as p − q resonant solutions. As coordinates on the p − q resonant strips, we may take either (φ, ψ s ) or (φ, ξ ). The latter will be our choice from now on.
In terms of (φ, ξ )
, we have the following definition.
Definition 3. For a given value of the Jacobi constant
The condition ξ m < 1 ensures that the resonant orbits enter the disk D away from tangency and so the hypothesis of lemma 2.1 are fulfilled.
The OUT-map
The OUT-map, (i.e. the map that sends a point on a p − q resonant strip to the position and velocity values of the orbit with those initial conditions at the time of its first intersection with the circle C) is easy to compute in sidereal coordinates. Recall that the time t 2 − t 1 between two consecutive intersections with the circle C is of the form t 2 
for a given p − q resonant strip, and 2πτ is the period of the two-body problem orbit with respect to E with the same initial conditions. Then, denoting again by (φ, ψ, v) the set of coordinates at time t 1 associated with the sidereal reference frame, the position and sidereal velocity (r(t 2 ), v(t 2 )) at time t 2 when the orbit enters the disk D are given by
with ε and δ satisfying equation (11).
We shall use equations (24) and (25) to obtain an approximate expression for (φ e , ψ e , v e ) associated with the synodic coordinates at time t 2 in terms of the coordinates (φ s , ψ s , v s ) of a point on a given resonant strip. Since the position angle φ on the circle C is the same in the sidereal and in the synodic reference frame, from (24) and (10) we obtain, equating the terms of order µ α ,
because the position of the body M at time t 2 in the sidereal reference frame is r M (
. In order to obtain the equations of the map for the remaining variables, we shall start by writing (25) in terms of synodic coordinates via the transformation
which holds at time t 2 up to terms of order µ 1−α . Introducing (25), we obtain
Substituting (16) in (27), we get
and substituting (16) in (26) we obtain
Squaring and adding the two equations (28), we obtain the OUT-map equation for the synodic velocity
We must still derive from (28) and (29) the explicit equations of the OUT-map for the angular coordinates in terms of (φ, ξ ) on a given p − q resonant strip. Since from (11)
equations (29) become
The square root in equations (30) and (31) is affected by the sign ±. In fact, for fixed C J , p and q, there would be in general two solutions given, ψ s , φ s . Clearly, the solution associated with the first intersection with C corresponds to the − sign, because we must have cos(φ e − ψ e ) < 0 ⇐⇒ ± 1 − ξ 2 < 0. Taking this into account, the equation for φ e may also be written in the form φ e = ψ s + π − arcsin ξ + O(µ 1−2α ). Summing up, the approximate expression for the OUT-map on a p − q resonant strip is
where ε + δ is given by equations (30) with the − choice of sign. Using the Jacobi integral (2) we may write, instead of the third equation in (32), the more accurate expression
where γ = min{1, 3α}. From (30), (32) and the definition of resonant strips in section 2, we have the following lemma.
Lemma 3.1. The approximate expression for the OUT-map on a p−q resonant strip is given by
with v e given by (33) and
Proof. From (32) and (22), the restriction of the OUT-map to a p − q resonant strip is given by
Using (30) and (23), the result follows.
The IN-map
In this section, we shall derive an approximate expression for the IN-map that sends initial conditions (φ e , ψ e , v e ) associated to synodic coordinates which correspond to orbits entering the disk D to the values (φ s , ψ s , v s ) corresponding to the first intersection of these orbits with the boundary circle C.
Since we are dealing now with orbits that approach one of the system's singularities, collision with the small primary M, we shall have to choose appropriate coordinates to regularize it. This can be achieved for instance with the Levi-Civita transformation. However, we also want to take into account the fact that the motion takes place µ α -close to the body M, and hence we shall combine the use of Levi-Civita variables with a convenient rescaling, similar to that used to obtain Hill's equations for the motion of the moon (see, for instance, [8] ).
Let
where x, y,ẋ andẏ are the synodic coordinates and velocities. The equations of motion and the Jacobi constant becomė
We shall now introduce the time-dependent change of variables,
Equations (36) and (37) now becomė
Introducing in (39) and (40) the Levi-Civita regularizatioñ
we obtainz =w,w = |w|
where the prime denotes the derivative with respect to ρ. Using (43) we may write instead of (42)z
The scaling
with = µ α−1/3 , maps the disk of radius µ α around (−1 + µ, 0) in synodic coordinates on the unit ball in the complex z plane. In the (z, w) variables and changing time according to s = C ρ, the equations of motion and the Jacobi integral becomė
where the dot now denotes the derivative with respect to s, and
Notice that (46) implies that when |z| 1, |z| and |w| are of the same order. Notice also that wz − zw is a constant for the order zero equations (45). Then, we may write the equations of motion in the forṁ
In order to bound the error associated with the truncated equations (47), we must determine the order of magnitude of the crossing time of the unit ball. Since the approximate solution is of the form
and the error z, w is of order
Now, in terms of the synodic coordinates (φ, v, ψ) at s = 0, i.e. on the circle C and going into the disk D, we have
with β = 2α (resp. β = α) for orbits away from (resp. close to) collision. Going back to synodic coordinates involves in equation (38) the synodic crossing time T of the disk D. From (41) and (44), we have
where z(s) is the solution and s * is the crossing time of the unit ball for the full equations (47).
. From (47) and condition (48), the explicit expression for the approximate IN-map
where a, b and R are defined by means of z(0) = e ia , w(0) = Re ib . Hence
As a, b and R are given in terms of the synodic coordinates (φ, v, ψ) by 
The expansions in (50) are in powers of µ α and µ 1−α . We note that the lowest-order congruence between these exponents, taking into account the restriction (5), is obtained for 2(1 − α) = 3α and then α = 2/5.
Let us now consider the case when φ e − ψ e = π − µ α , being a finite parameter. From (49) and (33), (1 + 3 cos 2 φ e )µ 3α−1 + iµ
Going back through the changes (44), (41), (38) and (35), we obtain the following lemma which describes the behaviour of the approximate IN-map close to collision. Lemma 4.2. Assume that φ e − ψ e = π − −1
Then, the following holds:
The return map on the resonant strips
In this section we shall always work in synodic coordinates, and the subscript s (resp. e) will mean, as usual, the configuration when the orbit is leaving (entering) the unit disk around the body M.
We shall use the approximate OUT-and IN-maps to obtain approximate expressions for the return map defined on the union of the resonant strips.
Denote by ξ 0 (φ, µ) the curve on each resonant strip such that |φ e (φ, ξ 0 (φ, µ)) − ψ e (φ, ξ 0 (φ, µ))| = π. By (34) of lemma 3.1 and the implicit function theorem, ξ 0 = O(µ 1−2α ). 
where, using the values of k i , i = 1, . . . , 4, given in lemma 3.1, we have
Proof. The result follows from the composition of (34) of lemma 3.1 and the first two equations in (50) of lemma 4.1.
The behaviour of this return map is essentially the following: it maps each resonant strip into another strip of width O(µ α ), close to the resonant strip, after contracting it by a factor of order µ 1−2α along the horizontal direction (i.e. the direction of the φ axis) and expanding it by a factor of order µ −α along the vertical direction (the direction of the ψ-axis). In fact, denoting by F the return map given by lemma 5.1, we have
Notice that this hyperbolic behaviour is entirely due to the OUT-map, because the return map given by lemma 5.1 holds for initial conditions which give rise to orbits crossing the disk D away from collision, i.e. for values of φ and ξ on the resonant strips which verify |ξ − ξ 0 (φ, µ)| µ α . In order to take into account the strongly hyperbolic behaviour of the IN-map when φ e − ψ e − π = O(µ α ), we have the following lemma, which is a consequence of lemma 4.2.
Lemma 5.2. The approximate expression for the global return map on the p − q resonant strip close to collision (i.e. when ξ −
where 
From equations (54) we see that the errors involved in the computation of the IN-map and the OUT-map match for α = 2/5. For this value of α, the error in the return map is of order µ 1/5 , and all the expansions are in integer powers of µ 1/5 . Equation (55) shows that the error in φ s − ψ s is smaller and of order µ 3/5 . Close to collision approaches to M (i.e. in the case when ξ − ξ 0 (φ, µ) = O(µ α )) are mapped by the IN-map on ejections with arbitrary exit angle. The initial conditions on each resonant strip which correspond to these orbits lie on a small strip of width of order µ. The behaviour of the return map on this small strip is then as follows: horizontal contraction by a factor of order µ 1/5 , vertical expansion by a factor f such that f −1 is of order µ, and the image lies along the φ = ψ line in (φ, ψ) space, thus intersecting transversally all the resonant strips except perhaps the initial (p, q)-resonant one and those close to it.
Let F be the global return map given by equations (52) and (54) in their regions of validity. We have that, for a given value of the Jacobi constant C J , F is defined in the union of all the p−q resonant strips for which (p, q) is admissible (i.e. for which (21) holds), and that its qualitative behaviour is as shown in figure 4 . Note that the image of each resonant strip intersects other resonant strips; see figure 6 . Then, by the well-known properties of the horseshoe maps (see, for instance, [5] ), we have the following theorem.
Theorem 5.1. For any integer N , there exists µ(N) such that any admissible sequence (p n , q n ) with q n < N, n ∈ Z, is realized by a consecutive quasi-collision orbit of the RTBP with 0 < µ < µ(N).

Proof. Consider the annulus
where c is a constant, | · | is the distance in S 1 and β = 1 − 2α. Given a fixed C J , there exists a countable set of (p, q, σ ) resonant strips, corresponding to the admissible (p, q) pairs which satisfy (21) and to σ ∈ {−1, 1}. We shall consider only a finite number of these resonants strips, the ones for which q < N. Thus, by (20), the distance between consecutive strips has a lower bound of order 1/(N 2 − N). Let G 1 , . . . , G M be the connected components of the intersection of these resonant strips with A, and let
where F is the global return map (52), (54). These sets are shown in figure 2 . Note that while the G i have widths of order µ α , the H i , from (52), have widths of order µ 1−α . In fact, by lemma 5.1, the requirement that |φ s − ψ s | < cµ 1−2α forces ξ to take values in an interval of order µ 1−2α , and since ξ measures distances along the ψ axis scaled by µ −α , the width of H i is of order µ 1−α . We want to check that the sets
..,M may be taken as the horizontal and vertical strips of the usual horseshoe construction and that the map F satisfies the ConleyMoser conditions with respect to the sets
..,M . This will ensure conjugacy with a subshift on the alphabet A = {1, . . . , M}. , and that |v | < 1 in I . From (54) and the fact that the transition from the behaviour close to collision to the behaviour far from collision corresponds to η of order µ 2α−1 , the length of the gap S 1 \I is of order µ 1−2α . On the other hand, the distance between two consecutive strips is at least of order 1/(N 2 − N). Then taking α = 2/5 and N < µ −1/10 , we have that
For larger values of N , some pairs (i, k) with i = k may give rise to empty intersections
From the definition of the sets {H i } i∈A , {V i } i∈A , F maps H i homeomorphically onto V i , and
∩ H k is a horizontal strip and the map F −1 contracts the widths of the horizontal strips by a factor of order µ 1−α . This is the average contraction rate, because the width of H i is of order µ 1−α and its image V i covers an O(1) interval of ψ values. However, by the estimates (53), the local contraction rate is at least of order µ α . Similarly, F (V i ) intersects all the V k , k = i, F (V i ) ∩ V k is a vertical strip and the map F contracts the widths of the vertical strips by a factor of order µ 1−2α . This is a consequence of the bounds (53) and of the fact that φ and x = φ − ψ differ by terms of order µ 1−α along a horizontal line. Therefore, for µ small enough we are in conditions of the Smale-Moser horseshoe theorem [5] , and there exists an invariant set ⊂ A such that F | is conjugate to a subshift on A. The transition matrix associated with this subshift is M − I d, where M is the transition matrix of the full shift and I d is the M × M identity matrix.
What remains to be proved is that N is indeed arbitrary, since there are two constraints on N: on the one hand, the period of the two-body orbit with respect to E must be small enough for the error bounds of section 2 to be valid and, on the other hand it must be small enough to prevent the existence of resonant strips µ 1−2α close to each other. As seen above, this second constraint implies N µ −1/10 . Let us consider the first constraint. From equations (1), it is clear that the error done in the computation of the OUT-map when the body Z is not close to M is of order µ times p times the period of the two-body orbit or, equivalently of order µ times q. Hence, Nµ must be at most of order µ 1−α i.e. N must be much smaller than 1/µ α . For α = 2/5 this is assured by N µ −1/10 . Hence, all the assumptions of the theorem hold, provided that
Note however that the first constraint, µ N −2.5 , is much less restrictive. For values of N and µ which verify the latter but not the former condition, and for µ small enough, the result still holds, provided that we redefine the admissible (p n , q n ) sequences taking into account the transition matrix M associated with a 'smaller' subshift.
Numerical results
In this section we shall first compare the perturbative results of the previous sections, namely the locus of the resonant strips and of their images under the OUT-and IN-maps with the corresponding numerical computations for small values of the parameter µ. Also for small values of µ, we shall present some numerical examples of periodic orbits of this problem which visit small neighbourhoods of the primary M. Finally, we shall examine the changes as µ increases and new phenomena appear.
All the orbits are obtained by numerical integration of the equations of the RTBP with regularization of collision with the small primary M, using the Runge-Kutta-Fehlberg algorithm of orders 7-8.
We take the parameter α = 2/5 since the errors involved in the analytic computations of the OUT-and IN-maps match for this value of α, and global error estimate for the return map is then of order µ 1/5 . The numerical procedure to find a p − q resonant strip is the following:
(a) We fix values for µ, C J and the index σ = ±1 of the strip. (b) We take an initial condition leaving the disk D, defined by a pair φ, ψ. Note that since p, q and σ are fixed, ψ must be close toψ s defined by (20). (c) Keeping φ fixed, we change ψ in a neighbourhood ofψ s until we find a value for which the orbit, after approximately 2πq time units, has a tangency with the circle ∂D. Thus we have found an initial condition in the φ, ψ torus which belongs to the boundary of the (p, q, σ ) resonant strip (say, point P in figure (3a) ). (d) We increase φ using a continuation method to keep ψ on the boundary a of the strip until we reach the line φ = ψ + π/2 (point B in figure 3(a) ). (e) On the line φ = ψ + π/2 (line b in figure (3a) ), we look for another initial condition which will also give rise to a tangency with ∂D (point C in figure 3(a) ). Note that, since the p − q resonant strip is by definition the locus of the initial conditions on the φ, ψ torus whose orbits meet again the disk D after approximately 2πq time units, it is bounded by two lines which correspond to two different tangencies with ∂D, on both sides of M. This is represented in figure 3(b) . (f) We decrease φ using a continuation method to keep ψ on the boundary c until we reach the line φ = ψ − π/2 (point D in figure 3(a) ). (g) On the line φ = ψ − π/2 (line d in figure 3(a) ) we look for point A as in (e). (h) We increase φ using again a continuation method until we reach point P .
In figure 4 , as well as in all the subsequent figures representing resonant strips and their images, φ and ψ are the coordinates along the horizontal and vertical axis, respectively. In figure 4 we have taken C J = 2.8 and µ = 10 −4 , and we have plotted the (p, q, σ ) = (2, 1, −1) resonant strip and its image, obtained by integrating the orbits with initial conditions on the boundary of the resonant strip until their second intersection with ∂D. Due to the high stretching rate of the map, it is necessary to take a small step size on the lines that correspond to lines b and d of figure 3(a) . In fact, it is convenient to take a non-uniform step size on these lines, decreasing as we come closer to collision. In the last plot of figure 4 we have plotted both the strip and its image and we have rescaled around the resonant strip. Figure 5 shows a similar plot for the (p, q, σ ) = (5, 3, −1) resonant strip and its image as µ takes the values 10 −6 , 10 −4 and 10 −3 . For C J = 2.8 (the results for other values of C J are similar), we have computed the admissible (p, q) pairs with q 7 using (21). We took this bound on q because of the restriction q µ −α (see (57)) and because we want to consider values of µ as high as 10 −3 . Note that for this value of µ, the bound N = 7 is not even small compared to µ −2/5 . From the list [2] work, and we have taken µ = 10 −3 . An intermediate encounter is associated with a crossing point P of the sidereal two-body orbits of Z and M around E such that the passage of Z and M through P takes place away from resonance and the time interval t between the passage of Z and that of M through P is small. We have computed the pairs (p, q) for which this t is smaller than (10 −3 ) 1/5 and found the set of pairs {(5, 4), (4, 5) , (6, 5) , (7, 5), (8, 5) , (11, 5) , (5, 6) , (11, 6), (13, 6), (5, 7), (10, 7), (11, 7), (12, 7), (13, 7), (15, 7)} (58) which are excluded from the set of admissible values.
In figure 6 we have plotted the numerical resonant strips and their images for each of the remaining (p, q, σ ) values and for µ = 10 −6 (a), µ = 10 −4 (b) and, enlarged, (d) and µ = 10 −3 (c). (2) is filled with vertical segments, and its image (3) by the approximate return map is shadowed.
For the plots in figure 7(a), we have taken C J = 1.8 and have considered in detail the (p, q, σ ) = (3, 2, 1) resonant strip for, from top to bottom, µ = 10 −6 , µ = 10 −4 and µ = 10 −3 . Each plot includes the numerical resonant strip and its image as well as the analytic resonant strip (given by (22)) and its image by the approximate return map (given by equations (34) and (49)). This is shown with increasing detail in figures 7(b) and 7(c), where it can be seen that numerical curves are well approximated by the analytical curves, even for µ = 10 −3 . In column (c) it can be seen that, for the analytical approximations, the resonant strips and their images are very close near the left end. In the numerical plots they are well separated, but this separation has been checked to be O(µ γ ), γ 2/3, and hence of the order of the error terms of the analytical expressions.
As predicted by theorem 5.1, there exist infinitely many unstable periodic orbits associated with periodic sequences (p n , q n , σ n ) n∈Z . We use extended precision to compute the periodic orbits and the stability parameter. In figure 8 and for µ = 10 −4 , C J = 2.8, we show one of these orbits for which (p n , q n , σ n ) = (4, 3, 1) if n odd and (2, 1, 1) for n even. For the same values of µ and C J and the sequences (2, 1, 1) for n odd, (2, 1, −1) for n even, a periodic orbit is displayed in figure 9 . The existence of these orbits was first conjectured by Poincaré who called them periodic orbits of the second species (POSS). We remark that the orbit shown in figure 8 is not symmetric with respect to the synodic x-axis, and in figure 9 we show a symmetric orbit with respect to the synodic x-axis. Most of the periodic orbits given by theorem 5.1 are asymmetric, but it is possible to obtain symmetric periodic orbits, for instance, by taking a sequence of the form (p, q, σ ) if n odd and (p, q, −σ ) if n even. Another example of an asymmetric POSS is shown in figure 10 . Here, the corresponding symbolic sequence (p n , q n , σ n ) n∈Z is the period three sequence formed by the triplets (2, 1, 1),  (2, 1, −1), (3, 2, 1) .
Going back now to figure 6 , we see that, as the parameter µ increases from 10 −4 to 10 −3 , several resonant strips have been lost. This may be due to two different causes. One of them is illustrated by the disappearance of the (9, 7, ±1) strips. Although (9, 7) is not in the set (58), if we define a close encounter in a slightly less restrictive way, say by requiring t to be smaller than 1.6 × (10 −3 ) 1/5 , we find that the corresponding orbit has two close encounters between resonances. The resulting accumulated perturbation destroys the resonant strip.
The other mechanism is more subtle. In this case, the resonant orbits still exist, but the locus of the corresponding initial conditions is strongly deformed. It ceases to be close to a horizontal strip, the analytical theory cannot be applied (µ is too large) and it can no longer be found by our standard numerical procedure. To illustrate this phenomenon, we have followed in detail the behaviour of the (7, 4, +1) strip, one of the missing strips in figure 6(c), as µ increases from 10 −4 to 1.5 × 10 −3 . In figure 11 we have plotted, together with their images, the boundaries of the (7, 4, +1) and (7, 4, −1) strips for µ = 10 −4 . We have also plotted in this figure, together with their images, the boundaries of four other connected sets of initial conditions of orbits that return to the disk D after approximately 2πq time units. These sets, denoted as S figure 14(a) , to form the set S . As µ increases, the φ range of the set S gets smaller and S merges with the set S + a , producing a connected set S , for µ around 1.4 × 10 −3 , while (7, 4, −1) and S − a get closer (see figure 14(b) ). For µ still larger, these three sets merge to form a unique connected set S (see figure 14(c) ).
Conclusions
The existence of orbits having consecutive passages very close to the smallest of the primaries (quasi-collisions) in the RTBP has been shown. Furthermore, the passages can be selected with some 'randomness' due to the freedom in selecting the involved resonances between the mean motions. Concerning this problem existence results are available in the literature, but we have taken a direct and more constructive approach which allows us to make accurate predictions of the initial conditions. This is illustrated with some highly unstable periodic orbits, either symmetric or not. For conciseness, we have considered the case when the quasi-collisions take place, essentially, around the same location in sidereal coordinates. The same ideas can be used when quasi-collisions taking place near different locations along the orbit of the smallest primary, occur.
Beyond theoretical considerations, these orbits are relevant when it is interesting to perform successive fly-byes of the small primary by a spacecraft. This can help put the spacecraft on a desired nominal orbit around the largest primary at low cost.
